Abstract. The systems of evolution equations modelling elasticity and thermoelasticity of viscoporous bounded media are considered. The existence of co-semigroups of contractions defining solutions to the systems is proved. The asymptotic vanishing of energies of solutions when t -• oo is explained.
Introduction and statement of problems
An increasing interest is observed in recent years to determine the decay behavior of the solutions of several elasticity problems. In classical thermoelasticity theory the decay effects were studied in the book [12] and in papers [10] , [14] , [5] . In the papers [2] , [17] , [18] there was studied the decay of solutions of the one-dimensional elasticity models where besides of thermal dissipation the porosity dissipation is taken into account. The similar kind of problems (indirect internal stabilization of coupled evolution equations) has recently been the focus of interest of other authors [1] , [6] . Our goal in this paper is to establish the stabilization of solutions for two-and three-dimensional elasticity and thermoelasticity systems for viscoporous materials.
Let us begin from evolution equations [4] , [3] pdfu = divT, (1-1)
where T denotes the stress tensor, u denotes the displacement vector, h denotes equilibrated stress vector, g denotes intrinsic equilibrated body force P. Glowiriski, A. Lada and the scalar function (p denotes the change in the volume fraction from the reference configuration, (divT)j := djTij, n = 2,3, denotes the dimension of space and u has the same dimension.
In the linear theory there are considered the following constitutive relations where a(u) denotes the elasticity stress tensor, n l a(u)ij := A eu(u)ôij + 2fj.eij(u), eij(u) := -{djUi + diUj), l=i E denotes the dissipation friction and is taken to be equal E -rd t 4>, I denotes the n x n unit matrix. The coefficients a, b,j,/i> 0, and for simplicity of the further considerations we put p = 1 and J = 1. After subjecting the system (1.1) with initial and boundary conditions we obtain the following system for u and <f>. In the above D C R n , denotes a bounded domain with boundary dD having regularity of class C 2 , A e := fiAI + (/x + A)Vdiv denotes the elliptic Lamé operator, R + := (0, +oo), Bcf) = 4> or Bcf) = d u (j) , where v denotes the outer unit normal vector to dD. Physically D is the region occupied by the body in the reference configuration.
To take into consideration also the thermal dissipation, the third equation is added to the system (1.1)
where 77 denotes the entropy and q the heat flux (see [11] ), To > 0 is a constant. From the classical linear theory we take the following constitutive relations for q and 77:
q := dV6, pr) = 6 + Mdivu + Mi<f>, and for g in (1.1) we take g = -b^2 ea(u)
where 9 denotes the temperature. The coefficients d,M,M\ > 0, and for simplicity we put Tq -1.
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After subjecting the system (1.1), (1.3) with initial and boundary conditions we obtain the following system for u, </ >, 9:
The term -rdt4>, in equation for <f> in the systems, models the porous dissipation called viscoporosity [4] , however in models derived by Iesan [11] such term does not appear. In the Appendix 1 we give explanation that the dissipative term in equations on </ > appears naturally when one considers thermoelasticity system taking into account microtemperatures [9] , and then makes the decoupling which separates the system for microtemperatures from equations for u, <fi,6. Usually in the literature it is considered B<p = when u = 0 on 3D, but there exist papers where also the operator B(f> -d v (f> is considered [2, 18] . In our paper we shall consider both possibilities for B: B(j) = <f> and B(f> = d y (p. We are able to prove one of our main results only for B(j> = <f>.
The first topic in this paper is to establish the existence of co-semigroups of contractions defining solutions of Problems 1, 2. The second one is to explain when the energies of solutions asymptotically vanish when t -* 00. Under the authors knowledge these both questions were not rigorously studied yet. For the 1-dimensional models some results are obtained in [2, 18] . For solutions of Problem 1 there was proved the lack of uniform stabilization (that is the energy does not tend to 0 with exponential speed when t -• 00). For solutions of Problem 2 there was proved the uniform stabilization when the parameter r > 0. But when r = 0 there was proved lack of the uniform stabilization. This means that interaction between 4> and 9 weakens dissipativity effects introduced by the parabolic equation for 9, because for the classical 1-dimensional thermoelasticity we have the uniform stabilization [16] . One can observe the positive feeedback interaction between and 9 in the system (1.4). In analysis of thermoelaticity systems there exists a deep difference between 1-dimensional and many-dimensional models -see Remarks 2.10 in section 2 of this paper.
The analytical difficulties involve the strong coupling of equations in the systems. Under the authors knowledge, in the mathematical literature, the problem of stabilization in the system of strong coupled hyperbolic equations, where the damping comes only from one part of the system (see system (1.2)) has not been solved.
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The organization of paper is the following. In section 2 we formulate our main results. In section 3 there will be proved the existence of co-semigroup of contractions defining solutions of Problem 2. This same concept one can apply to Problem 1. The proof relies on Hille-Phillips theorem [7, 20] . For justification of conditions of the Hille-Phillips theorem in the context of Problem 2 we use scheme done in [10] .
In section 4 we prove stabilization of solutions for Problem 1. We use the resolvent criterion done by Tomilov [21] . All results announced above will be obtained for both cases of the operator B.
Section 5 is devoted to proving the stabilization of solutions for Problem 2 when Bcj) = cj>. Here we adopt the scheme of proof done by Dafermos [5] . Authors were not able to apply the resolvent criterion to Problem 2 successfully. Stabilization of solutions of Problem 1 for dimension n = 1 can be proved by the same method as we present in this paper, the verification of details we leave to the reader. As we have mentioned earlier, the 1-dimensional Problem 2 was solved in [2, 18] .
Main results
In this paper we shall work under the following special conditions on ASSUMPTION 2.1. We require A + n > 0, (A + /¿)7 > b 2 when n = 2 and 3A + 2/I > 0, (3A + 2/X)7 > 36 2 when n = 3.
In the Appendix 2 we explain that conditions on coefficients, which we have formulated above are optimal for the linear model (1.2) to be physically realistic.
We denote n a{u) : e(v) := try-(u)e y (u).
¿1.7=1
Recall that A e (tt)j = 1 ^j <J ii{ solves Problem 1 in a weak sense when it satisfies
at D D DEFINITION 2.5. We say that (C(-) ,e(-)), ((-) 
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To make investigations more clear we introduce the following Hilbert 
The norm in Hi generated by the inner product (•, we denote by || • ||j, i = 1,2.
We distinguish the following dense linear subspaces Xi C Hi, i = 1,2:
ff^D) when 50 = <9^0,
X2 :=Xi x (H 2 (D)nH^D)).
We formulate the main existence theorems.
THEOREM 2.6.
Let the coefficients and the domain D satisfy conditions imposed above. Then on Hi there exist a co-semigroup of contractions S\{t),t G R+ such that whenever (u(t),4>(t),v(t),i^(t)) T := S\(t)r)o, T)o := {u Q ,()P,u l ,4> l ) T then for t]q G X\, (u(-), 0(-)) i> s the unique strong solution of Problem 1 and dtu(-) = v(-), dt(j>(-) = ip(-), Si(t)rjo G Xi, t G R+. For rjo G H\, (u(-), </>(•)) is the unique weak solution of Problem 1.
THEOREM 2.7.
Under the same assumptions as in Theorem 2.6 there exist on H2 a CQ-semigroup of contractions S^T) 
e (i ) T then for Co G X2, (u(-), (/>(•), &(•)) is the unique strong solution of Problem 2 and dtu{-) = v(-),dt^(-) = </>(•), S2(t)Co G X 2; t G R+. For Co G H2, [u(-), </>(•),&(•)) is the unique weak solution of Problem 2.
In the following by solutions of Problems 1, 2 we shall mean their strong or weak solutions. We define energies:
for solutions of Problem 1, and
for solutions of Problem 2.
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763 DEFINITION 2.8. We say that a bounded domain D c R n , satisfies the condition (C) if for every s > 0, the problem
has only one solution v = 0 6 R n .
Now we formulate our main result about the stabilization. We place here some comments concerning the results from Theorem 2.9. Using the classical methods based on the spectral analysis one observes that the energy of solution for the problem
uniformly decays when t -* oo. This is due to the term -rdt<f> in the equation. In the equation for u in the system (1.2) we have not the term of such kind. But there is the interaction between u and 4> described by the coupling of the equations in (1.2). Theorem 2.9 says, that for domains D satisfying condition (C) this interaction causes the disappearance of the whole energy when t -> oo. We have established the indirect internal stabilization of elasticity waves in the viscoporous materials. (ii) The results of paper [14] suggest that whenever domain D satisfies additionally the appropriate geometric conditions, then the decaying energy for solutions of Problem 2 may be uniform or polynomial.
(iii) It will be very interesting to explain whether for solutions of Problem 1 the decaying of energy has logarythmic speed.
Well posedness of problems
The assertions of Theorems 2.6, 2.7 are true for both cases of the operator B. Because for B<p = d u (p the investigations are a bit more difficult we P. Glowiñski, A. Lada formulate proofs for such operator B. The same scheme of proofs holds when Dirichlet boundary operator is considered.
For Q := (u 1 , </>*), i = 1,2 we put (Ci,C 2 ) i2 := ^U 1 V + 0V 2 ) ||C||| 2 := S(M 2 + 0 2 ).
D D
We define operator: 
The above inequality means that L2 is a dissipative operator. To show that L2 is maximally dissipative it is enough to prove (see [7] ) the existence of A > 0 such that for every / G H2 the equation It is easy to see that E2(t) = ^HCWHl-From (3-7) we get 
We see that v = dtu, tp = dt4>-Moreover after writing (2.2) for (uk, 4>k, ®k) and passing in this equality with k -> oo we claim that 
Stabilization of solutions of Problem 1
In this section we give proof for the first part of Theorem 2.9. We prove results only for Dtp = dv<j). The case of the Dirichlet boundary operator one can handle by the same scheme of proof.
We begin this section with proving results concerning the operator A (defined in Section 3). Let k 6 (0, fci) and consider the operator A A -kl (the number k\ > 0 was defined in Section 3). From (3.2) we derive
The operator L\ is closed because it is the ^generator of co-semigroup of contractions [5, 19] . This implies that A and A are closed as well. Because A, A are symmetric this yields that they are selfadjoint. 
j=2 1=1
Let us define m,j(s)
:= inf{(s + k + n -r,) 2 :l G N}, j G N.
We have inequality
\\(A + (s -r^mil > mjisMWl, £ G D(A).
This implies that whenever rrij(s) > 0 then there exists the resolvent operator R(rj -s; A) and (4-2) 11^-^)11 <-7=1™
where we understand R(rj -.s; A) as the operator in 
Proof. We take arbitrary j £ N and denote ai -(k + ri -rj). We have chosen k such that 0 ^ { a i}-It is clear that ai -> oo when I -> oo and
yt/m.j(s) = inf/e/v |a; + s|. We consider three cases. Case 1. ai > 0 for each l G N We take Sj = ^ > 0. Because y/rnj(sj) = inf;e/v |a/ + Sj1 = |ai we have o . âl 1
This ends case 1. When ai < 0 for some l G N then we can choose n G N such, that Case 2b. -a n > a n +1. In this case we take sj = > o. We have 0 € (a n + Sj, a n+ i + Sj)
2 °n fln+1 -a n a n+ i -a Prom [20] (page 11) we recall: Prom [21] we quote THEOREM 4.3. To obtain the estimation of we derive first the inequality:
LEI L be the generator of CQ-semigroup of contractions T(t),t G R+ in a Hilbert space Z. Whenever there exists a dense subset M C Z, such that
(4.3) lim ^/aR(a + i/3-L)y = 0, y G M, (3 G R, a->0+ then limi-yoo \\T(t)x\\z = 0 for each x G Z.
Proof of Theorem 2.9 for Ei(-). Prom Section 3 we know that
Let us denote £R := re£, F R (A) := reF(X), £/ := im$,, F/(A) := imF(X).
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We multiply the first equation in (4.5) byand the second equation by a£R. Then we integrate over D, and make the summation by parts. After proving the similar estimations as above for ineqaulity (4.7) we obtain (4.9). Now consider first case ß 2 a{A). We rewrite the system (4.5) in the form 
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Taking into account (4.9) we can derive from (4.10) the estimation 
+2-VâF/(A)] -r/3R{rj -sj; A)
From (4.2) and Proposition 4.1 we get
This allows us to use the Neumann series for (I -SjR{r 3 -Sj] A)) -1 , which together with (4.9) from (4.12) gives (4.11) for sufficiently small ug > 0.
Arguing by contradiction, let us suppose that there exist e > 0, f3 G R, f G Hi and a sequence {^¡fceJV} C (0, min{l, cto}) such, that limjfc-Kx, = 0, and \\Va k ri(a k , /3)||i > e, k G N. Let us denote shortly Vk = T7(d! fc ,/?), Afc = a k + i (3, and appropriately ik, Uk, (j>k, v k , ^k, k G N. Estimations (4.8) and (4.11) allow us to conclude that there exists a subsequnce of k G iV j which is convergent weakly in H and strongly
The limit of such subsequence we denote by For the simplicity of notation we assume that the whole sequence G iv| is convergent to We substitude into (4.4) instead of £ and after passing k -» oo we obtain (4.14)
in the weak sense. When (3 = 0 this gives = 0 in the weak sense which yields £ = 0. Now we consider case (3 ^ 0. The same arguments that have been used to derive (4.9) give us r|/?|||0°|| £ 2 = 0, and hence <jP = 0. From (4.14) this allows to infer that u° satisfies 
Stabilization of solutions for Problem 2
In this section we give proof for the second part of Theorem 2.9. Everywhere in this section we have the boundary condition <p = 0 on dD.
We begin with making the following auxiliary observations. According to the theory of elliptic systems [19] we can define: The proof is based on straightforward calculations, the details are omitted.
Proof of Theorem 2.9 for -E^O)-We adopt the scheme of proof done by Dafermos in [5] . We shall consider separately the terms standing in ^(O and prove that they tend to 0 when t -> 00.
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The principal considerations will be proved under the assumption that the initial data belongs to D(Ll +J ), J G {0} U N. The case when the initial data belong to H2 will be investigated at the end of the proof. When the initial data belong to D{L^J) then («9¡u, dl<f>, d\9), i = 1,..., 2 + J also solve the Problem 2 in a strong sense with the apprioprate initial conditions. Their energies are denoted by E^it), i = 1,..., 2 + J, t £ R+. The equality:
where t > 0, i = 1,..., 2 + J still holds. Our further considerations will be separated into parts and formulated as propositions. From this, the estimations written above, and known estimations for ft, I = 1,..., 2 + J we obtain that | jtgi{t)\ < c\ < oo, I = 0,..., 1 + J, t € R+, c\ > 0 is a constant. This implies lim^oo 9i{t) -0, I = 0,..., 1 + J. 
\ a(w(t)) : e(w(t)) = -b j <f>{t)dxvw(t) -M \ V0(t)w(t).
Here we are in the same position as in Lemma 5.4 in [5] . Arguing in the same way as in the proof of Lemma 5.4 in [5] we obtain lim^oo dtv
The proof is rather long, so we address the reader to paper [5] . In this proof the condition (C) on the domain D is essential.
We have proved that lim^oo E2(t) = 0 when initial data belongs to D{L\ +J ), J > 1. Consider now the initial data £o G H2 and take £o G D(L'2 +J )-The solution with initial data £o we denote by £(•), its energy by E2{-) and let E^it) denote the energy of solution with initial data £o -We have the inequality
E 2 (t)<2[E 2 (t) + El(t) .
Because of the inequality E\ (t) < E\ (0) this gives
Since D{L\ +J ) is dense in H2 (see [19] ), for each e > 0 we can choose
Since lim^oo E2(t) = 0 we get from (5.8) that limsup^^ E2{t) < e for every e > 0. The proof is finished.
• REMARK 5.8.
In the formula for energy E\(t) we have the term
2b \D (f>(t)divu(t).
In the proof given above we have estimated first divu(i) from equation for 6(-) and then \<f)(t)\ 2 was estimated. In system (1.2) 6 does not appear. So this scheme of proof does not work for Problem 1. The application of the resolvent criterion for Problem 2 remains as the open problem. Solving it will give the unified solution for both Problem 1 and Problem 2.
Final remarks
From the form of systems (1.1), (1-3) we deduce that besides the boundary conditions considered in this paper also the following (so called free boundary condition) can be considered: There is no problem for proving the existence of co-semigroups describing the solutions (see [8] ). But under the knowledge of the authors there does not exist works in which the stabilization is proved when there are taken into considerations f -0 and /o = 0.
In our paper [8] we solved the problem, such as Problem 1 but with the boundary conditions T • u = -dtu on F^ x R+ (the so called feedback stabilization) and u = 0 on rD x R+, TD uTN = dD, TDnTN = 0, To ^ 0, TN + 0 and du(f) = 0 on dD x R+.
We have proved the uniform stabilization of the energy of solution. The methods which we have used are quite different from the ones presented in this paper.
For the ideas useful for solving stabilization problems with the Neumann type boundary conditions one should look into literature cited in our pa-
Appendix 1
In the model proposed by Grot [9] the termoelasticity system describes the evolution of quantities (u, (p, 0, w) where u, (ft, 0 are the same as in (1.4) and w £ R n represents microtemperatures. The governing equations of the system are following:
where Ae is the elliptic Lamé operator, Ó > 0. As in Problem 2 the system is considered in the domain (t, x) £ (0, oo) x D and is subjected by boundary and initial conditions. For u, (p, 6 the boundary conditions are the same as in Problem 2 and for w it is considered w = 0 on (0, oo) x dD. In the system (A.l) there is no dissipation term -rdt(f) in the equation for </ > similarly as in models proposed by Iesan [11] , Taking the idea from [10] we propose the following decoupling, separating the equation for w from the system for (u,4>,0). Let w be the solution of the following elliptic problem: 
